Abstract The union-closed sets conjecture (Frankl's conjecture) says that for any finite unionclosed family of finite sets, other than the family consisting only of the empty set, there exists an element that belongs to at least half of the sets in the family. In [3], a stronger version of Frankl's conjecture (S-Frankl conjecture for short) was introduced and a partial proof was given. In particular, it was proved in [3] that S-Frankl conjecture holds when n ≤ 5, where n is the number of all the elements in the family of sets. Now, we want to prove that it holds when n = 6. Since the paper is very long, we split it into two parts. This is the first part.
Introduction
A family F of sets is union-closed if A, B ∈ F implies A ∪ B ∈ F . For simplicity, denote n = | ∪ A∈F A| and m = |F |.
In 1979, Peter Frankl (cf. [11, 14] ) conjectured that for any finite union-closed family of finite sets, other than the family consisting only of the empty set, there exists an element that belongs to at least half of the sets in the family.
If a union-closed family F contains a set with one element or two elements, then Frankl's conjecture holds for F ( [13] ). The result was extended by Poonen ([10] ). In addition, the author in [10] proved that Frankl's conjecture holds if n ≤ 7 or m ≤ 28, and presented an equivalent lattice formulation of Frankl's conjecture. Bošnjak and Marković proved that Frankl's conjecture holds if n ≤ 11. Zivković and Vučković gave a computer assisted proof in "The 12 element case of Frankl's conjecture, Preprint (2012) "that Frankl's conjecture holds if n ≤ 12, which together with Faro's result ( [7] ) (see also Roberts and Simposon [12] ) implies that Frankl's conjecture is 2.1 F = {∅, M 6 } ∪ G 3 We have two subcases: n 3 = 1 and n 3 ≥ 2. Throughout the rest of this paper, we omit the sentences of this type. Denote G 3 = {G 1 , . . . , G n 3 }.
(1) n 3 = 1. Now G 3 = {G 1 }. Then all the 3 elements in G 1 belong to two sets among the three sets in F .
(2) n 3 ≥ 2. For any i, j = 1, . . . , n 3 , i = j, we must have G i ∪ G j = M 6 , which implies that G i ∩ G j = ∅. Hence n 3 = 2. Now all the 6 elements in M 6 belong to two sets among the four sets in F .
F
Denote G 3 = {G 1 , . . . , G n 3 } and G 5 = {H 1 , . . . , H n 5 }.
(1) n 5 = 1. Now G 5 = {H 1 }. Without loss of generality, we assume that H 1 = {1, 2, 3, 4, 5}.
(1.1) n 3 = 1. Now G 3 = {G 1 }. Notice that all the elements in G 1 ∪ {1, 2, 3, 4, 5} belong to at least one of the two sets G 1 and {1, 2, 3, 4, 5}. Then we know that all the elements in G 1 ∪ {1, 2, 3, 4, 5} belong to at least half of the sets in F .
(1.2) n 3 ≥ 2. For any i, j = 1, . . . , n 3 , i = j, we have G i ∪G j = M 6 or G i ∪G j = {1, 2, 3, 4, 5}.
(1.2.1) n 3 is an even number and there is a permutation (i 1 , . . . , i n 3 ) of (1, . . . , n 3 ) such that
. Then all the 6 elements in M 6 belong to half of the sets in G 3 and thus all the 5 elements in {1, 2, 3, 4, 5} belong to at least half of the sets in F . (1.2.2) n 3 is an odd number and there is a permutation (i 1 , . . . , i n 3 ) of (1, . . . , n 3 ) such that
. Then all the 6 elements in M 6 belong to half of the sets in {G i 1 , . . . , G i n 3 −1 } and thus all the elements in G in 3 ∪ {1, 2, 3, 4, 5} belong to at least half of the sets in F . (1.2.3) We can decompose G 3 into two disjoint parts {G i 1 , . . . , G i 2k } (hereafter this part may be an empty set) and {G i 2k+1 , . . . , G in 3 }, where {i 1 , . . . , i n 3 } = {1, . . . , n 3 }, n 3 − 2k ≥ 2, and (i)
(ii) for any two different indexes {i, j} from {i 2k+1 , . . . , i n 3 }, G i ∪G j = {1, 2, 3, 4, 5}. Then all the 6 elements in M 6 belong to half of the sets in {G i 1 , . . . , G i 2k }. Without loss of generality, we assume that G i 2k+1 = {1, 2, 3}. By (ii), we know that for any j = i 2k+2 , . . . , i n 3 , G j ∈ {{1, 4, 5}, {2, 4, 5}, {3, 4, 5}}.
Since |{1, 4, 5} ∪ {2, 4, 5}| = |{1, 4, 5} ∪ {3, 4, 5}| = |{2, 4, 5} ∪ {3, 4, 5}| = 4, by (ii) again, we know that in this case n 3 − 2k = 2. Then we know that all the 5 elements in {1, 2, 3, 4, 5} belong to at least half of the sets in F .
(2) n 5 ≥ 2. By Lemma 1.1, we know that all the 6 elements in M 6 belong to at least n 5 − 1 set(s) in G 5 and thus belong to at least half of the sets in G 5 . Hence it is enough to show that there exist at least 3 elements in M 6 which belong to at least half of the sets in G 3 .
(2.1) n 3 = 1. Now G 3 = {G 1 }. Then all the 3 elements in G 1 satisfy the condition.
(2.2.1) n 3 is an even number and there is a permutation (i 1 , . . . , i n 3 ) of (1, . . . , n 3 ) such that
. Then all the 6 elements in M 6 belong to half of the sets in G 3 . (2.2.2) n 3 is an odd number and there is a permutation (i 1 , . . . , i n 3 ) of (1, . . . , n 3 ) such that
. Then all the 6 elements in M 6 belong to half of the sets in {G i 1 , . . . , G i n 3 −1 } and thus all the 3 elements in G in 3 belong to at least half of the sets in
where {i 1 , . . . , i n 3 } = {1, . . . , n 3 }, n 3 − 2k ≥ 2, and
(ii) for any two different indexes {i, j} from {i 2k+1 , . . . , i n 3 }, |G i ∪ G j | = 5. Then all the 6 elements in M 6 belong to half of the sets in {G i 1 , . . . , G i 2k }. Without loss of generality, we assume that G i 2k+1 = {1, 2, 3}. By (ii), we know that for any j = i 2k+2 , . . . , i n 3 ,
Since |{1, 4, 5} ∪ {2, 4, 5}| = |{1, 4, 5} ∪ {3, 4, 5}| = |{2, 4, 5} ∪ {3, 4, 5}| = 4, by (ii) again, we know that
Similarly, we have that
Hence we need only to consider the following 3 cases: (2.2.3.1) n 3 − 2k = 2. Take |{G i 2k+1 , . . . , G in 3 } ∩ {{1, 4, 5}, {2, 4, 5}, {3, 4, 5}}| = 1 for example. Without loss of generality, we assume that {G i 2k+1 , . . . , G in 3 } = {{1, 2, 3}, {1, 4, 5}}. Now all the 5 elements in {1, 2, 3, 4, 5} belong to at least half of the sets in
. . , G in 3 }∩{{1, 4, 6}, {2, 4, 6}, {3, 4, 6}}| for example. Without loss of generality, we assume that {G i 2k+1 , . . . , G in 3 } = {{1, 2, 3}, {1, 4, 5}, {2, 4, 6}}. Now all the 3 elements in {1, 2, 4} belong to at least half of the sets in G 3 . (2.2.3.3) n 3 − 2k = 4. Without loss of generality, we assume that {G i 2k+1 , . . . , G in 3 } = {{1, 2, 3}, {1, 4, 5}, {2, 4, 6}, {3, 5, 6}}. Now all the 6 elements in M 6 belong to at least half of the sets in G 3 .
(1) n 4 = 1. Now G 4 = {H 1 }. Without loss of generality, we assume that H 1 = {1, 2, 3, 4}.
(1.1) n 3 = 1. Now G 3 = {G 1 }. Then all the elements in G 1 ∪ {1, 2, 3, 4} belong to at least half of the sets in F .
(1.2) n 3 ≥ 2. For any i, j = 1, . . . , n 3 , i = j, we have
. Then all the 6 elements in M 6 belong to half of the sets in G 3 and thus all the 4 elements in {1, 2, 3, 4} belong to at least half of the sets in F . (1.2.2) n 3 is an odd number and there is a permutation (i 1 , . . . , i n 3 ) of (1, . . . , n 3 ) such that
. Then all the 6 elements in M 6 belong to half of the sets in {G i 1 , . . . , G i n 3 −1 } and thus all the elements in G in 3 ∪{1, 2, 3, 4} belong to at least half of the sets in F .
. Then all the 6 elements in M 6 belong to half of the sets in {G i 1 , . . . , G i 2k }. By Lemma 1.1, we know that all the 4 elements in {1, 2, 3, 4} belong to at least n 3 − 2k − 1 set(s) in {G i 2k+1 , . . . , G in 3 } and thus belong to at least half of the sets in {G i 2k+1 , . . . , G in 3 }. Hence in this case, all the 4 elements in {1, 2, 3, 4} belong to at least half of the sets in F .
(2) n 4 ≥ 2. For any i, j = 1, . . . , n 4 , i = j, we must have H i ∪ H j = M 6 . We claim that all the 6 elements in M 6 belong to at least half of the sets in G 4 .
In fact, if n 4 = 2k is an even number, then
and thus all the 6 elements in M 6 belong to at least half of the sets in G 4 . If n 4 = 2k + 1 is an odd number, then by
we know that all the 4 elements in H 2k+1 belong to at least half of the sets in G 4 ; by
we know that all the 4 elements in G 1 belong to at least half of the sets in G 4 . By H 1 ∪H 2k+1 = M 6 , we know that all the 6 elements in M 6 belong to at least half of the sets in G 4 .
Hence it is enough to show that there exist 3 elements in M 6 which belong to at least half of the sets in G 3 .
. Then all the 6 elements in M 6 belong to half of the sets in {G i 1 , . . . , G i 2k }. Without loss of generality, we assume that G i 2k+1 = {1, 2, 3}. By (ii), we know that for any j = i 2k+2 , . . . , i n 3 ,
, without loss of generality, we can assume that
Now by Lemma 1.1, we know that all the 4 elements in {1, 2, 3, 4} belong to at least n 3 − 2k − 1 set(s) in {G i 2k+1 , . . . , G in 3 }, and thus belong to at least half of the sets in G 3 .
(1) n 5 = 1. Now G 5 = {I 1 }. Without loss of generality, we assume that I 1 = {1, 2, 3, 4, 5}. 
is an even number and there exists a permutation (i 1 , . . . , i n 3 ) of (1, . . . , n 3 ) such that
. Then all the 6 elements in M 6 belong to half of the sets in G 3 . Hence all the elements in H 1 ∪ I 1 belong to at least half of the sets in F . (1.1.2.2) n 3 is an odd number and there exists a permutation (i 1 , . . . , i n 3 ) of (1, . . . , n 3 ) such that
. Then all the 6 elements in M 6 belong to half of the sets in
, then all the 4 elements in H 1 belong to at least two sets among the three sets in {G in 3 , H 1 , I 1 } and thus belong to at least half of the sets in F . If
and thus in this case all the 3 elements in G in 3 belong to at least half of the sets in F .
where
Then all the 6 elements in M 6 belong to half of the sets in {G i 1 , . . . , G i 2k }.
(a) H 1 ⊂ {1, 2, 3, 4, 5}. Without loss of generality, we assume that
(a.1) n 3 −2k is an even number and there exists a permutation (j 1 , . . . ,
Then all the 5 elements in {1, 2, 3, 4, 5} belong to at least half of the sets in {G i 2k+1 , . . . , G in 3 }. Note that all the 5 elements in {1, 2, 3, 4, 5} belong to at least one of the two sets H 1 and I 1 . Then we know that in this case, all the 5 elements in {1, 2, 3, 4, 5} belong to at least half of the sets in F .
(a.2) n 3 −2k is an odd number and there exists a permutation (j 1 , . . . ,
Then all the 5 elements in {1, 2, 3, 4, 5} belong to at least half of the sets in {G j 1 , . . . , G j n 3 −2k−1 }. Note that all the 4 elements in {1, 2, 3, 4} belong to at least two sets among the three sets {G j n 3 −2k , H 1 , I 1 }. Then we know that in this case, all the 4 elements in {1, 2, 3, 4} belong to at least half of the sets in
Then all the 5 elements in {1, 2, 3, 4, 5} belong to at least half of the sets in {G j 1 , . . . , G j 2l }. By Lemma 1.1, we know that all the 4 elements in {1, 2, 3, 4} belong to at least n 3 −2k −2l −1 set(s) in {G j 2l+1 , . . . , G j n 3 −2k } and thus belong to at least half of the sets in {G j 2l+1 , . . . , G j n 3 −2k }. Hence in this case, all the 4 elements in {1, 2, 3, 4} belong to at least half of the sets in F .
(b) H 1 {1, 2, 3, 4, 5}. Without loss of generality, we assume that H 1 = {1, 2, 3, 6}. By following the proof in (a), we can get that in this case all the 3 elements in {1, 2, 3} belong to at least half of the sets in F .
(1.2) n 4 ≥ 2. Now for any i, j = 1, . . . , n 4 , i = j, we have
(1.2.1) n 4 is an even number and there exists a permutation (i 1 , . . . , i n 4 ) of (1, . . . , n 4 ) such that
. Then all the 6 elements in M 6 belong to at least half of the sets in
In this case, all the elements in G 1 ∪ I 1 belong to at least half of the sets in F .
(a) n 3 is an even number and there exists a permutation (
. Then all the 6 elements in M 6 belong to half of the sets in G 3 . Hence in this case all the 5 elements in I 1 belong to at least half of the sets in F .
(b) n 3 is an odd number and there exists a permutation (j 1 , . . . , j n 3 ) of (1, . . . , n 3 ) such that
. Then all the 6 elements in M 6 belong to half of the sets in {G j 1 , . . . , G j n 3 −1 }. Hence in this case, all the elements in G jn 3 ∪I 1 belong to at least half of the sets in F .
(c) We can decompose G 3 into two disjoint parts {G j 1 , . . . , G j 2k } and {G j 2k+1 , . . . , G jn 3 }, where {j 1 , . . . , j n 3 } = {1, . . . , n 3 }, n 3 − 2k ≥ 2, and
Then all the 6 elements in M 6 belong to half of the sets in {G j 1 , . . . , G j 2k }.
(c.1) n 3 −2k is an even number and there exists a permutation (m 1 , . . . , 2, 3, 4, 5}. Hence in this case, all the 5 elements in {1, 2, 3, 4, 5} belong to at least half of the sets in F .
(c.2) n 3 −2k is an odd number and there exists a permutation (m 1 , . . . , m n 3 −2k ) of (j 2k+1 , . . . , j n 3 ) such that 2, 3, 4, 5} . Then all the 5 elements in {1, 2, 3, 4, 5} belong to at least half of the sets in {G m 1 , . . . , G m n 3 −2k−1 }. Note that all the 5 elements in {1, 2, 3, 4, 5} belong to at least one of the two sets G m n 3 −2k and {1, 2, 3, 4, 5}. Hence in this case, all the 5 elements in {1, 2, 3, 4, 5} belong to at least half of the sets in F .
Then all the 5 elements in {1, 2, 3, 4, 5} belong to at least half of the sets in  {G m 1 , . . . , G m 2l }.
(c.3.1) There exists t ∈ {m 2l+1 , . . . , m n 3 −2k } such that G t ⊂ {1, 2, 3, 4, 5}. Without loss of generality, we assume that G m 2l+1 = {1, 2, 3}. Then for any t ∈ {m 2l+2 , . . . , m n 3 −2k }, we have G t ∈ H 4 ∪ H 5 ∪ H 6 , where
For simplicity, define H := {G m 2l+1 , . . . , G m n 3 −2k }. We have the following 7 cases:
(c.3.
As to (c.3.1.1), by Lemma 1.1, we know that all the 4 elements in {1, 2, 3, 4} belong to at least n 3 − 2k − 1 set(s) in H and thus belong to at least half of the sets in H. Hence in this case, all the 4 elements in {1, 2, 3, 4} belong to at least half of the sets in F .
As to (c.3.1.2) and (c.3.1.3), we can get that all the 3 elements in {1, 2, 3} belong to at least half of the sets in F .
As to (c.3.1.4), without loss of generality, we assume that {1, 2, 4} ∈ H∩H 4 . Then by (iv), we know that H ∩ H 5 = {{1, 2, 5}} and by (iv) again we get that H ∩ H 4 = {{1, 2, 4}}. Thus in this case H = {{1, 2, 3}, {1, 2, 4}, {1, 2, 5}}. Note that all the 5 elements in {1, 2, 3, 4, 5} belong to at least two sets among the 4 sets in {{1, 2, 3}, {1, 2, 4}, {1, 2, 5}, {1, 2, 3, 4, 5}}. Then we obtain that all the 5 elements in {1, 2, 3, 4, 5} belong to at least half of the sets in F .
As to (c.3.1.5), without loss of generality, we assume that {1, 2, 4} ∈ H∩H 4 . Then by (iv), we know that H ∩ H 6 = {{1, 2, 6}} and by (iv) again we get that H ∩ H 4 = {{1, 2, 4}}. Thus in this case H = {{1, 2, 3}, {1, 2, 4}, {1, 2, 6}}. By {1, 2, 3} ∪ {1, 2, 4} ∪ {1, 2, 6} = {1, 2, 3, 4, 6} ∈ G 5 = {{1, 2, 3, 4, 5}}, we know that this case is impossible.
As to (c.3.1.6) and (c.3.1.7) , by following the analysis to (c.3.1.5), we know that these two cases are impossible.
(c.3.2) For any t ∈ {m 2l+1 , . . . , m n 3 −2k }, G t {1, 2, 3, 4, 5}. Without loss of generality, we assume that G m 2l+1 = {1, 2, 6}. Then by (iv), we know that for any t = m 2l+2 , . . . , m n 3 −2k , we have G t ∈ {{1, 3, 6}, {1, 4, 6}, {1, 5, 6}, {2, 3, 6}, {2, 4, 6}, {2, 5, 6}}.
Without loss of generality, we assume that {1, 3, 6} ∈ {G m 2l+2 , . . . , G m n 3 −2k }. Then by G 5 = {{1, 2, 3, 4, 5}}, we need only to consider the following two subcases:
As to (c.3.2.1), all the 4 elements in {1, 2, 3, 6} belong to at least two sets among the 3 sets in {{1, 2, 6}, {1, 3, 6}, {1, 2, 3, 4, 5}}. Hence in this case all the 3 elements in {1, 2, 3, 6} ∩ {1, 2, 3, 4, 5} (i.e. {1, 2, 3}) belong to at least half of the sets in F .
As to (c.3.2.2), we can easily know that all the 3 elements in {1, 2, 3} belong to at least half of the sets in F . (1.2.2) n 4 is an odd number and there exists a permutation (i 1 , . . . , i n 4 ) of (1, . . . , n 4 ) such that
. Then all the 6 elements in M 6 belong to at least half of the sets in 
(a) n 3 is an even number and there exists a permutation (j 1 , . . . , j n 3 ) of (1, . . . , n 3 ) such that
. Then all the 6 elements in M 6 belong to half of the sets in G 3 . Hence in this case all the elements in H in 4 ∪ I 1 belong to at least half of the sets in F .
. Then all the 6 elements in M 6 belong to half of the sets in {G j 1 , . . . , G j n 3 −1 }. Now if H in 4 ⊂ I 1 , then all the 4 elements in H in 4 belong to at least two sets among the three sets in {G jn 3 , H in 4 , I 1 } and thus all the 4 elements in H in 4 belong to at least half of the sets in F . If H in 4 I 1 , then H in 4 ∪ I 1 = M 6 and thus in this case all the 3 elements in G jn 3 belong to at least half of the sets in F .
(c.1) n 3 −2k is an even number and there exists a permutation (m 1 , . . . , m n 3 −2k ) of (j 2k+1 , . . . , j n 3 ) such that G m 1 ∪ G m 2 = · · · = G m n 3 −2k−1 ∪ G m n 3 −2k = {1, 2, 3, 4, 5}, which together with the fact that all the 5 elements in {1, 2, 3, 4, 5} belong to at least one of the two sets H in 4 and {1, 2, 3, 4, 5}, implies that all the 5 elements in {1, 2, 3, 4, 5} belong to at least half of the sets in F .
(c.2) n 3 −2k is an odd number and there exists a permutation (m 1 , . . . , m n 3 −2k ) of (j 2k+1 , . . . , j n 3 ) such that (c.2.2.1) G m n 3 −2k ⊂ {1, 2, 3, 4, 5}. Then all the 3 elements in G m n 3 −2k belong to at least two sets among the three sets in {G m n 3 −2k , H in 4 , {1, 2, 3, 4, 5}} and thus belong to at least half of the sets in F .
(c.2.2.2) G m n 3 −2k {1, 2, 3, 4, 5}. Then G m n 3 −2k ∪ {1, 2, 3, 4, 5} = M 6 . Hence all the 6 elements in M 6 belong to at least one of the two sets G m n 3 −2k and {1, 2, 3, 4, 5} and thus all the 4 elements in H in 4 belong to at least two sets among the three sets in {G m n 3 −2k , H in 4 , {1, 2, 3, 4, 5}}. Hence in this case all the elements in H in 4 ∩ {1, 2, 3, 4, 5} (i.e. {1, 2, 3}) belong to at least half of the sets in F .
(c.3) We can decompose {G j 2k+1 , . . . , G jn 3 } into two disjoint parts {G m 1 , . . . , G m 2l } and {G m 2l+1 , . . . , G m n 3 −2k }, where {m 1 , . . . , m n 3 −2k } = {j 2k+1 , . . . , j n 3 }, n 3 − 2k − 2l ≥ 2, and
Then all the 5 elements in {1, 2, 3, 4, 5} belong to at least half of the sets in 2, 3, 4, 5}. (c.3.1.1) There exists t ∈ {m 2l+1 , . . . , m n 3 −2k } such that G t ⊂ {1, 2, 3, 4, 5}. Without loss of generality, we assume that G m 2l+1 = {1, 2, 3}. Then for any t ∈ {m 2l+2 , . . . , m n 3 −2k }, we have G t ∈ H 4 ∪ H 5 ∪ H 6 , where
For simplicity, define H := {G m 2l+1 , . . . , G m n 3 −2k }. We have the following 7 cases: (c.3.1. If H in 4 ∈ {{1, 3, 4, 5}, {2, 3, 4, 5}}, then H in 4 ∪ {1, 2, 6} = M 6 . Now all the 3 elements in {1, 2, 3} belong to at least half of the sets in F .
(c.3.1.1.3-2) H ∩ H 6 = 2. Take H ∩ H 6 = {{1, 2, 6}, {1, 3, 6}} for example. By following analysis in (c.3.1.1.3-1), we get that all the 3 elements in {1, 2, 3} belong to at least half of the sets in F .
(c.3.1.1.3-2) H ∩ H 6 = 3. Now H ∩ H 6 = {{1, 2, 6}, {1, 3, 6}, {2, 3, 6}}. In this case, by G 5 = {{1, 2, 3, 4, 5}}, we must have H in 4 = {1, 3, 4, 5}. It is easy to check that in this case all the 3 elements in {1, 2, 3} belong to at least half of the sets in F .
(c.3.1.2) For any t ∈ {m 2l+1 , . . . , m n 3 −2k }, G t {1, 2, 3, 4, 5}. Without loss of generality, we assume that G m 2l+1 = {1, 2, 6}. Then by (iv), we know that for any t = m 2l+2 , . . . , m n 3 −2k , we have G t ∈ {{1, 3, 6}, {1, 4, 6}, {1, 5, 6}, {2, 3, 6}, {2, 4, 6}, {2, 5, 6}}.
(c.3.1.
, 2, 6}, {1, 3, 6}, {2, 3, 6}}. As to (c.3.1.1.2-1) , we know that all the 3 elements in {1, 2, 3} belong to at least 2 sets among the 4 sets in {{1, 2, 6}, {1, 3, 6}, H in 4 , I 1 }. Hence in this case, all the 3 elements in {1, 2, 3} belong to at least half of the sets in F .
As to (c.3.1.1.2-2) , we can easily know that all the 3 elements in {1, 2, 3} belong to at least 3 sets among the 5 sets in {{1, 2, 6}, {1, 3, 6}, {2, 3, 6}, H in 4 , I 1 }. Hence in this case, all the 3 elements in {1, 2, 3} belong to at least half of the sets in F .
. By following the analysis in (c.3.1), we can show that there exist 3 elements in M 6 which belong to at least half of the sets in F . We omit the details.
where {i 1 , . . . , i n 4 } = {1, . . . , n 4 }, n 4 − 2k ≥ 2, and
(ii) for any two different indexes {i, j} from {i 2k+1 , . . . , i n 4 }, we have
Then all the 6 elements in M 6 belong to at least half of the sets in {H i 1 , . . . , H i 2k }. By Lemma 1.1, we know that all the 5 elements in {1, 2, 3, 4, 5} belong to at least n 3 − 2k − 1 set(s) in {H i 2k+1 , . . . , H in 4 } and thus belong to at least half of the sets in {H i 2k+1 , . . . , H in 4 }.
(1.2.3.1) n 3 = 1. Now G 3 = {G 1 }. Note that all the 5 elements in I 1 = {1, 2, 3, 4, 5} belong to at least one of the two sets G 1 and I 1 . Then we obtain that all the 5 elements in {1, 2, 3, 4, 5} belong to at least half of the sets in F . (1.2.3.2) n 3 ≥ 2. Now for any i, j = 1, . . . , n 3 , i = j, we have
. Then all the 6 elements in M 6 belong to half of the sets in G 3 . Hence in this case all the 5 elements in {1, 2, 3, 4, 5} belong to at least half of the sets in F .
. Then all the 6 elements in M 6 belong to half of the sets in {G j 1 , . . . , G j n 3 −1 }. Note that all the 5 elements in I 1 = {1, 2, 3, 4, 5} belong to at least one of the two sets G jn 3 and I 1 . Then we obtain that all the 5 elements in {1, 2, 3, 4, 5} belong to at least half of the sets in F .
(c.1) n 3 −2k is an even number and there exists a permutation (m 1 , . . . , m n 3 −2k ) of (j 2k+1 , . . . , j n 3 ) such that 2, 3, 4, 5} . In this case, we get that all the 5 elements in {1, 2, 3, 4, 5} belong to at least half of the sets in F .
(c.2) n 3 −2k is an odd number and there exists a permutation (m 1 , . . . , m n 3 −2k ) of (j 2k+1 , . . . , j n 3 ) such that 2, 3, 4, 5} . Then all the 5 elements in {1, 2, 3, 4, 5} belong to at least half of the sets in {G m 1 , . . . , G m n 3 −2k−1 }. Note that all the 5 elements in I 1 = {1, 2, 3, 4, 5} belong to at least one of the two sets G m n 3 −2k and I 1 . Then we obtain that all the 5 elements in {1, 2, 3, 4, 5} belong to at least half of the sets in F . 2, 3, 4, 5}; (iv) for any two different indexes {i, j} from {m 2l+1 , . . . , m n 3 −2k },
Then all the 5 elements in {1, 2, 3, 4, 5} belong to at least half of the sets in {G m 1 , . . . , G m 2l }. By following the analysis in (1.2.1.2)(c.3), we can get that there exist 3 elements in M 6 which belong to at least half of the sets in F .
(2) n 5 ≥ 2. By Lemma 1.1, we know that all the 6 elements in M 6 belong to at least n 5 − 1 set(s) in G 5 and thus belong to at least half of the sets in G 5 . Hence it is enough to show that there exists at least 3 elements in M 6 which belong to at least half of the sets in G 3 ∪G 4 .
(2.1) n 4 = 1. Now G 4 = {H 1 }. Without loss of generality, we assume that H 1 = {1, 2, 3, 4}.
(2.1.1) n 3 = 1. Now G 3 = {G 1 }. In this case, all the elements in G 1 ∪ H 1 belong to at least half of the sets in
. Then all the 6 elements in M 6 belong to half of the sets in G 3 . Hence in this case all the 4 elements in I 1 belong to at least half of the sets in G 3 ∪ G 4 . (2.1.2.2) n 3 is an odd number and there exists a permutation (i 1 , . . . , i n 3 ) of (1, . . . , n 3 ) such that
. Then all the 6 elements in M 6 belong to half of the sets in {G i 1 , . . . , G i n 3 −1 }. In this case, all the elements in G i 3 ∪ I 1 belong to at least half of the sets in
As to (c.1.1), take H ∩ H 4,5 = {{1, 4, 5}} for example. Now H = {{1, 2, 3}, {1, 4, 5}}. Note that all the 4 elements in {1, 2, 3, 4} belong to at least two sets among the three sets in {{1, 2, 3}, {1, 4, 5}, {1, 2, 3, 4}}. Then we get that in this case, all the 4 elements in {1, 2, 3, 4} belong to at least half of the sets in G 3 ∪ G 4 .
As to (c. 1.2) , by following the analysis to (c.1.1), we get that all the 4 elements in {1, 2, 3, 4} belong to at least half of the sets in G 3 ∪ G 4 .
As to (c. 1.3) , by following the analysis to (c.1.1), we get that all the 3 elements in {1, 2, 3} belong to at least half of the sets in G 3 ∪ G 4 .
As to (c.1.4), take H ∩ (H 4,5 ∪ H 4,6 ) = {{1, 4, 5}, {2, 4, 6}} for example. Now H = {{1, 2, 3}, {1, 4, 5}, {2, 4, 6}}. Note that all the 4 elements in {1, 2, 3, 4} belong to at least two sets among the four sets in {{1, 2, 3}, {1, 4, 5}, {2, 4, 6}, {1, 2, 3, 4}}. Then we get that in this case, all the 4 elements in {1, 2, 3, 4} belong to at least half of the sets in G 3 ∪ G 4 .
As to (c.1.5), take H ∩ (H 4,5 ∪ H 4,6 ) = {{1, 4, 5}, {2, 5, 6}} for example. Now H = {{1, 2, 3}, {1, 4, 5}, {2, 5, 6}}. Note that all the 4 elements in {1, 2, 3, 4} belong to at least two sets among the four sets in {{1, 2, 3}, {1, 4, 5}, {2, 5, 6}, {1, 2, 3, 4}}. Then we get that in this case, all the 4 elements in {1, 2, 3, 4} belong to at least half of the sets in G 3 ∪ G 4 .
As to (c.1.6), take H ∩ (H 4,6 ∪ H 5,6 ) = {{1, 4, 6}, {2, 5, 6}} for example. Now H = {{1, 2, 3}, {1, 4, 6}, {2, 5, 6}}. Note that all the 4 elements in {1, 2, 3, 4} belong to at least two sets among the four sets in {{1, 2, 3}, {1, 4, 6}, {2, 5, 6}, {1, 2, 3, 4}}. Then we get that in this case, all the 4 elements in {1, 2, 3, 4} belong to at least half of the sets in G 3 ∪ G 4 .
As to (c.1.7), take H ∩ H 4,5 = {{1, 4, 5}, {2, 4, 6}, {3, 5, 6}} for example. Now H = {{1, 2, 3}, {1, 4, 5}, {2, 4, 6}, {3, 5, 6}}. Note that all the 4 elements in {1, 2, 3, 4} belong to at least 3 sets among the 5 sets in {{1, 2, 3}, {1, 4, 5}, {2, 4, 6}, {3, 5, 6}, {1, 2, 3, 4}}. Then we get that in this case, all the 4 elements in {1, 2, 3, 4} belong to at least half of the sets in H 5,6 , where
By (iv), we can easily get that
(c.2.1) H∩H 5,6 = ∅. Without loss of generality, we assume that {1, 2, 5} ∈ H and G j 2l+1 = {1, 2, 5}. Then by (iv), we know that for any m ∈ {j 2l+2 , . . . , j n 3 −2k }, ∈ {{3, 4, 5}, {1, 3, 6}, {1, 4, 6}, {2, 3, 6}, {2, 4 1 ), all the 4 elements in {1, 2, 3, 4} belong to at least two sets among the three sets in {{1, 2, 5}, {3, 4, 5}, {1, 2, 3, 4}}. Then we get that all the 4 elements in {1, 2, 3, 4} belong to at least half of the sets in G 3 ∪ G 4 .
As to (c.2.1.2) and (c.2.1.4), all the 3 elements in {1, 2, 3} belong to at least half of the sets in G 3 ∪ G 4 .
As to (c.2.1.3) and (c.2.1.5), all the 3 elements in {1, 2, 4} belong to at least half of the sets in G 3 ∪ G 4 .
As to (c.2.1.6), all the 4 elements in {1, 2, 3, 4} belong to at least two sets among the four sets in {{1, 2, 5}, {3, 4, 5}, {1, 3, 6}, {1, 2, 3, 4}}. Then we get that all the 4 elements in {1, 2, 3, 4} belong to at least half of the sets in G 3 ∪G 4 .
As to (c.2.1.7)-(c.2.1.12), it is easy to check that all the 4 elements in {1, 2, 3, 4} belong to at least two sets among the four sets in H ∪ {{1, 2, 3, 4}} and thus belong to at least half of the sets in G 3 ∪ G 4 .
As to (c.2.1.13) and (c.2.1.14), it is easy to check that all the 4 elements in {1, 2, 3, 4} belong to at least three sets among the 5 sets in H ∪ {{1, 2, 3, 4}} and thus belong to at least half of the sets in G 3 ∪ G 4 .
(c.2.2) H∩H 5,6 = ∅. Without loss of generality, we assume that {1, 5, 6} ∈ H and G j 2l+1 = {1, 5, 6}. Then by (iv), we know that for any m ∈ {j 2l+2 , . . . , j n 3 −2k }, G m ∈ {{2, 3, 5}, {2, 4, 5}, {3, 4, 5}, {2, 3, 6}, {2, 4, 6}, {3, 4, 6}}. By (iv) again, we need only to consider the following 3 cases: As to (c.2.2.1), take H∩{{2, 3, 5}, {2, 4, 5}, {3, 4, 5}} = {{2, 3, 5}} for example. Now H = {{1, 5, 6}, {2, 3, 5}}. Now all the 3 elements in {1, 2, 3} belong to at least two sets among the three sets in H ∪ {{1, 2, 3, 4}} and thus belong to at least half of the sets in G 3 ∪ G 4 .
As to (c.2.2.2), take H∩{{2, 3, 6}, {2, 4, 6}, {3, 4, 6}} = {{2, 3, 6}} for example. Now H = {{1, 5, 6}, {2, 3, 6}}. Now all the 3 elements in {1, 2, 3} belong to at least two sets among the three sets in H ∪ {{1, 2, 3, 4}} and thus belong to at least half of the sets in G 3 ∪ G 4 .
As to (c.2.2.3), take H = {{1, 2, 5}, {2, 3, 5}, {2, 4, 6}} for example. Now all the 4 elements in {1, 2, 3, 4} belong to at least two sets among the four sets in H ∪ {{1, 2, 3, 4}} and thus belong to at least half of the sets in G 3 ∪ G 4 .
(c.6) |H| = 7.
(c.7) |H| = 8.
(c.8) |H| = 9. (c.9) |H| = 10. As to the cases (c.2)-(c.9), we only give the proof for (c.2), the proofs for the other cases are similar. We omit the details.
As to (c.2), H = {G j 2k+1 , G j 2k+2 , G jn 3 } and we have the following 4 cases:
(c.2.1) For any 2-element subset {i, j} of {j 2k+1 , j 2k+2 , j n 3 }, G i ∪ G j ∈ G 4 and G j 2k+1 ∪ G j 2k+2 ∪ G jn 3 ∈ G 4 . Take H = {{1, 2, 3}, {1, 2, 4}, {2, 3, 4}} for example. Now by Lemma 1.1, we know that all the 4 elements in {1, 2, 3, 4} belong to at least 2 sets in H and thus belong to at least half of the sets in G 3 .
(c.2.2) For any 2-element subset {i, j} of {j 2k+1 , j 2k+2 , j n 3 }, G i ∪ G j ∈ G 4 and G j 2k+1 ∪ G j 2k+2 ∪ G jn 3 ∈ G 5 . Take H = {{1, 2, 3}, {1, 2, 4}, {1, 2, 5}} for example. Now {1, 2, 3, 4, 5} ∈ G 5 and thus we have the following 3 cases: (c.2.2.1) n 5 = 1. Then G 5 = {{1, 2, 3, 4, 5}}. Now all the 5 elements in {1, 2, 3, 4, 5} belong to at least two sets among the 4 sets in H ∪ G 5 and thus belong to at least half of the sets in G 3 ∪ G 5 . (In fact, by the assumption that n 5 ≥ 2, we don't need consider this case. We write it here for the analysis in the following (c.2.2.3).) (c.2.2.2) n 5 = 2. Take G 5 = {{1, 2, 3, 4, 5}, {1, 2, 3, 4, 6}} for example. Now it easy to check that all the 4 elements in {1, 2, 3, 4} belong to at least 3 sets among the 5 sets in H ∪ G 5 and thus belong to at least half of the sets in
(c.2.2.3) n 5 ≥ 3. Now by Lemma 1.1, we know that all the 6 elements in M 6 belong to at least n 5 −2 set(s) in G 5 \{{1, 2, 3, 4, 5}} and thus belong to at least half of the sets in G 5 \{{1, 2, 3, 4, 5}}. Then by (c.2.2.1), we know that now all the 5 elements in {1, 2, 3, 4, 5} belong to at least half of the sets in G 3 ∪ G 5 .
(c.2.3) For any 2-element subset {i, j} of {j 2k+1 , j 2k+2 , j n 3 }, G i ∪ G j ∈ G 5 . Take H = {{1, 2, 3}, {1, 4, 5}, {2, 5, 6}} for example. Now {{1, 2, 3, 4, 5}, {1, 2, 3, 5, 6}, {1, 2, 4, 5, 6}} ⊂ G 5 and thus we have the following 3 cases: (c.2.3.1) n 5 = 3. Then G 5 = {{1, 2, 3, 4, 5}, {1, 2, 3, 5, 6}, {1, 2, 4, 5, 6}} . Now all the 6 elements in M 6 belong to at least 3 sets among the 6 sets in H ∪ G 5 and thus belong to at least half of the sets in G 3 ∪ G 5 .
(c.2.3.2) n 5 = 4. Without loss of generality, we assume that {1, 2, 3, 4, 6} ∈ G 5 . Then by the analysis in (c.2.3.1), we know that all the 5 elements in {1, 2, 3, 4, 6} belong to at least 4 sets among the 7 sets in H ∪ G 5 and thus belong to at least half of the sets in G 3 ∪ G 5 .
(c.2.3.2) n 5 ≥ 5. By Lemma 1.1, we know that all the 6 elements in M 6 belong to at least |G 5 \{{1, 2, 3, 4, 5}, {1, 2, 3, 5, 6}, {1, 2, 4, 5, 6}}| − 1 set(s) in G 5 \{{1, 2, 3, 4, 5}, {1, 2, 3, 5, 6}, {1, 2, 4, 5, 6}} and thus belong to at least half of the sets in G 5 \{{1, 2, 3, 4, 5}, {1, 2, 3, 5, 6}, {1, 2, 4, 5, 6}} . Hence in this case, by (c.2.3.1), we know that all the 6 elements in M 6 belong to at least half of the sets in G 3 ∪ G 5 .
